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Variational formulation of contact problems for systems of deformable bodies
with nonlinear stress~strain relationship is proposed and substantiated, It is
assumed that at small deformations the body may separate in a part of the
initial contact surface, but increase of the contact areas is excluded. Layered
foundations and laminated cylinders have these properties, hence the consid-
ered system of bodies may be conveniently called laminated body,  The
problem is formulated as one of minimization of the total functional on a
convex closed set of Sobolev's functional space, Conditions of existence and
uniqueness of solution of the variational problem are determined. An equiv-
alent formulation in the form of a variational inequality is also proposed.

The problem of separation of an elastic body from a rigid half-space (the problem
of Signorini) was investigated in [1] using the variational method, The variational
theory of contact between a rigid stamp and a nonlinearly elastic body was presented
in [2]. Vvariational formulation of the problem of contact between several deformable
bodies with allowance for an initial gap between these was investigated in [3]. Known
methods of investigation of laminated bodies [4—7] assumed a linear relation between
stress and strain and depend to a considerable extent on the shape of layers.

The variational method of investigation of laminated bodies is virtually independ-
ent of the assumption of linearity, homogeneity, and isotropy, and unrelated to the
shape oflayers, Moreover no prior information on the actual areas of contact is requir-
ed, Numerical methods, such as the method of finite elements [8] canbe effective -
ly used and substantiated,

1, Statement of the problem, Letusconsidera systemof ¥
bodies occupying regions Qy, Q,, . . ., Qn of the three-dimensional space E,
bounded by smooth surfaces I';, I'y, . .., Ty. We denote by I'p, the common
boundary of bodies Q, and Q, in the initial undeformed state, and assume that
for each m theset I',, isnonempty for at least one n. We also assume that for
small deformations the surfaces of actual contact between bodies (layers) does not
increase over the initial contact areas,

Let z = (T, Ty, T3) & E, u (2) = (uy (2), Uy (7), us (2)) be the vector
of small displacements, and &;; (), 0;; (z) the tensors of small deformations and
of stresses, respectively,

Let us formulate the assumed conditions of contact of layers £, and Q, at
the boundary TI',,, . We denote by v (z) the unit vector external relative to Q,
and normal to I‘mn , and introduce the normal and tangential components  of
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962 V. 1. Kuz'menko

displacement vector and of the stress vector on surface 1I',,,
Uy = uivy, (Uo); = Uy — UWy, Oy = 0;/ViVj, (01); = 0;;Vj — OV

In what follows the superscripts denote the oridinal number of the layer to which
a particular quantity relates,
The following conditions must be satisfied at points of surface I'p,,:

Gv(n) (1) == '——Uv(m) (.Z) = Oy (.I) (1' 1)
0™ (z) = — 0™ (2) = 07 (2), Vo E Ty

Three types of interaction between layers £, and €, are considered on sur-
face Ty, :
bonded layers

um (x) = (.l’), Ve an (1.2)
separation can take place but relative slippage of layers is excluded

w™ (2) > ™ (@), ud™ (2) = " (2) (L.3)
oy () <O, oy (2) [uv™ () —uy®™ (2)] =0, Vz e Ty,

separation and relative slippage of layers may occur

uy™ (z) > uy®™ (z), 0:(x) =0 (1.4)
ov () <O, oy (2) [uy™ (2) — uy™ (2)] =0, Vz ED'pa

The conditions of form u("™ (z) > uy\™ (x) postulate mutual impenetrability
of layers, and conditions (1. 3) and (1,4) take into account that oy (z) = 0 when
separation takes place at point z & TI',,,, and oy (x) <C O applies in the oppos-
ite case,

It is assumed that surface

Ty— Ul (k=1,2,...,N)

may consist of three parts; 'Y, I'yX, T),°.  Onpart I'y* we specify displace-
ments and on T'pX stresses

u(z) = UM (x), VeI (1.5)
6ij (2) v; (z) = X:® (1), Vee It (1.6)

On part T',¢ layer Q, issubjected to the action of the stamp whose boundary
is defined by the equation W, (z) = 0, and outside the stamp ¥ (z) > 0.
On surface I',° we assume the following conditions [2}:

¥y (.Z‘) =+ u (z) grad ¥y (x) >0, o:(x) =0 (.7
oy (1) <0, oy (2) [V (2) + u (x) grad ¥y, (2)] = 0, Va & T'"

which determine the normal (frictionless) contact between the rigid and the deformed
body.
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Each layer is, furthermore, subjected to the action of mass forces 0:® (),
.’I:EQk, k=1,2,...,N.
The relation between stresses and strains is assumed nonlinear, and defined by [9]
05 = My (7) B6s; + 2pp (2) &5 — 2px (2) 004 (2, &) €5y (1.8)
B =&y, ey =gy — Y388, e = (Yse e
A>A(2) >A>0, M>p,()>p>0

We introduce the function of strain energy density
Wi (. &) = §ou; (2, i) deg; = (1.9)

€y

i
5 M (2) 9%+ i (2) esis; — 3pe (2) S soy (x, s)ds
o
Function ®j (z, s) is assumed to be such that the following conditions are sat-
isfied:
1) Wy (z, &) is a convex function continuously differentiable with respect to
gy forany oz = Q, , consequently, the inequality

W, (2, 8;3)

de;; (& — &3j) = O3 (& — &) (1.10)

Wiz, &) — Wi (2, 85) >

is satisfied [103:
2) there exists such e, > 0 that

eﬂ.

(1 — ) [’é‘ M (2) 9% + px () eijaii] > 3px (2) S sox (z, s)ds (1D
[

The indicated requirements are satisfied when function ®p (z, 8) satisfies con-

ditions
0 << 0 (x,8) <0 (50, (z,9)/s<Ca,<1
doy (z,8)/8s>0, Vze Q;

The problem consists of the determination of the displacement vector  u;, and
of tensors of strain &;; and stress o0;; that satisfy the equations of equilibrium,
Cauchy's relations, nonlinear formulas (1, 8), and the conditions (1. 1) — (1, 7) impos-
ed on stresses and displacements,

9, Variational formulation of the problem We
introduce for each layer 2, the Sobolev's space H* (R3) of vector functions u®
(2) = (W, ® (2), u® (2), us™ (z)) which has generalized first derivatives and
is square summable, We determine in H?! (Q,) the scalar product

(@®, v®)mqay = § @O0 -+ ufpf)do
2

Let us consider the basic space H! () consisting of vector functions  u (z)
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determinedon Q = |J Qp as follows: if z & Qp, then u(z) = u® (2).
As the scalar product in* H' (R) we take
N

(@, Ve = 2 (@®, v®)g, (2.1)
k=1

For brevity of notation we shall use besides H(£2) also the symbol H.
We impose on discontinuities along I'mn  constraints which correspond to condi-
tions defined in (1, 2) —(1.4) and separate the following subsets of fumctions;

Vim) = {v |ve H, v™ (z) = v (), Vo & Ty}

Vmn = {v|v e H, '™ (x) > vi™ (), v:™ (2) = v (2),
Ve T}

Vimn) = {v |ve H, wm™ (z) > v (2), Ve T}

We also separate the subsets of functions v <= H that satisfy the kinematic con-
ditions on T'x¢ and specified on I'x" by conditions

Vi = {v|ve H, ¥ () + v (2) grad ¥y, (2) > 0, Vo = I}
Vi) = (v [v e H, v(z) = U0 (z), Vz &= %)

Each of the introduced sets is convex and closed, Finally, we construct the set
V  of vector functions that satisfy all conditions imposed on displacements

V= nvrnvdnrey
m,n K k

where V(™) isone of sets V,(mn) | (mn) P (mn)  Set ¥ is convex and closed,
being the intersection of a finite number of convex and closed sets.

We present the formal derivation of the variational principle for displacements in
the theory of laminated bodies, assuming that the requirements for regularity of func-
tions are satisfied, Let u () & V be the actual displacements of the body Q and
g (2), 0;; () the real values of the strain and stress tensors, We introduce the
admissible displacements v (z) € V and related strains ¢;;" () = 1/, (v;,; (x) +
vj,; ()) » and consider the equilibrium of layer Q,, replacing the action of re-
maining layers by corresponding forces on surface I'y, (n =1, 2, .. ., N).
Applying to the integral
\ 503 (v — w)1d@

o 7

the Ostrogradskii — Gauss formula and taking into account that for actual stresses equil-
ibrium conditions are satisfied, we obtain

{oiey —ed@ — | XP@i—u)dl — § oy — wpa@ — 5 o
e, r, X Q,

N
2 Fin [0y (vy — uv) + O (Vr — uy)] ' — I‘gf Oy(vyv — uy)dl' =0
n==1

k=1,2,...,N)
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For each of the three types of interaction of surface I'y,, (m, n =1, 2, ..
N) the following conditions are satisfied:

0y (2) [y™ (2) — ™ () — vl (2) + w'™ (2)] > (2.3)
0z (2) [0 (2) — ur™ (2) — 0™ () + u ™ ()] = 0 Ve Thyn

At points of surfaces I't° we have the relationships
GV(‘Z) [v\’(x)—u'\"(z)]>09 Vxerkc (k=11 2!‘~'1 N) (2.4)
Adding (2,2)for kK =1, 2, ..., N and taking into account (1. 10), (2.3),
and (2, 4) we obtain
N
> [S Wh (2, €)dQ — | XPudr — | pg"')uidQ} <

k=1 @ r, X a,

Q
N o n
2 [S Wiz, g;)d0 — | X{Ppdl — | pgmvidg], VwweV
&, rx Q.

"

(=3

Thus the following variational principle has been proved: among all displace-
ments v & V the minimum of functional

J (v) - Y, B (v,v) — II () — F(v) (2.5)
N

B, v) = X | (M) 00 + 24 (2) 11 42
k—lQ
e (v)

@)= 2, _S' 3ug () 5‘ soy (z, s)dsdQ

k—le
N

F)= 3 U oo d® + | X®yar |
k=1 hk Fkx

corresponds to actual displacements,
On the basis of the proved above principle we formulate the variational problem

infoev J (V) (2.6)

which may also be formulated as the equivalent problem of solving the variational
inequality [11]

XWm,v—uwy>F(@v—u, Vv&V 2.7
Y ooow, (x e;)

X (@), v—u) = Y | (e — &) a8
k=1 &

Let us clarify the conditions under which the variational problem (2. 6) has a
meaning, We assume that ¥, = C*, U® = H'» (I}¥), X,® = H*» (T\%),
p® = L? (Qy). Functions X,® and p,® may be piecewise continuous, and
functions U/;® piecewise differentiable in respective regions. Then, using the
trace theorem [12] and taking into account previous assumptions about functions
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Wy (z, €;;), it is possible to show that the integrals in (2,5) exist for all v & H
and that set V is nonempty,

The above reasoning is valid if the surface of each layer is smootii, However the
variational problem can be formulated in all cases, if the functional J (V) is deter-
minate on H and set V nonempty. Problems of existence of solutions are investig-
ated in Sect,3 with fairly general assumptions about surface regularity, introduced in
[13].

3, The existence and uniqueness of solutiomns of
the variational problem, Letusconsider the subset R of rigid dis-

placements whose elements are such displacements v & H with which each layer
moves as a rigid body

R={lve H, B({,v) =0}

Since the displacements of a body as a rigid entity are determined by not more
than six parameters, the subset R is finite-dimensional, We separate in R the sub-
set R* of neutral rigid displacements

R*={v|lve R, F (v =0}
and represent the subset R as a direct sum of R* and of the orthogonal complement

Rl R=R*®R1

Let Q, Q', Q, be operators of orthogonal projection of H onto R, R* and R,,
respectively. We also introduce operators P = [ — Q, P’ =1 — @', where
I is the identity operator,
Since the admissible set V does not, generally, contain a zero element, hence
a direct application of the Lions— Stampacchia theorem [11], as was done in [3], is
not possible here. In formulating conditions of solution existence we use the subsidiary
set V, defined as follows:

Vg — n V(m'n) ﬂ ng) ﬂ I/rgf)
m,n k k
V) ={v|ve H, v(z)grad ¥y () >0, VzreT,%)
V) = {vlveH,v(z) =0, VzeTIp")

Let uy & V satisfy the conditions

U™ (z) = u™ (), Ve e&Tpn
¥, () + ug (2) grad ¥y, (2) =0, Ve = T',°
Ug (z) = UM (z), Vae=T* (k,m,n=1,2,...,N)

It is possible to show that forany u € V the element u — u, belongsto V,
and, conversely, for any w & V, the element w - uy belongs to V. Note

that V, contains a zero element.
The set V, can be obtained from V by shifting by the element uy, hence

that set is also convex and closed,
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Lemma 1, The functional B (v, v) issemicoercive, i.e,

B v)>cllPv]? VveH 3.1

where ¢ is some constant independent of v. The proof of semicoercivity of B (v, v)
was given in [13] in the case of a single body, and can be directly extended ta
systems of bodies,

Lemma 2, If {u,} isthe minimizing sequence for the functional J (v) and
F (Qu,) < 0, thesequence ({II (u,)} isbounded.

Proof, Werepresent J (u,) in the form
J (up) = 1y B (uy, uy) — M (uy) — F(Quy) — F (Puy)

Using (1, 11) and taking into account the conditions of the lemma, we obtain

J (u,) =Yy aB (u,, u,) — F (Puy)
According to Lemma 1 there existsa B > 0 such that
J (up) > Bl Pug || — || FU| Puy | (3.2)

Let the sequence {H (x,)} be unbounded, Then it is possible to separate in{»,}
a sequence {“nk} such that II (u"k) —+4-00 , a8 n— oo, Since it is possible to
finda y >0 such that

D) <YyB @, v)<vIPrft, VoesH

hence | Pu, |— 4+ oo, and from (3. 2) follows that J (unk) — + o0, which means
that sequence {u,} is not a minimizing one.

Lemma 3, The functional Y/, B (v, v) — II (v) is weakly lower semi-
continuous on M. The proof is based on Kazimirov's theorem on weak semicontinu-
ity of integral functionals [14, 15],

Lemma 4, Hforany r& V, | R* thereexiststa —reV, ) R¥
the set P’ [V,] is weakly closed,

Proof. Let re Vo) R*. It canbe shown that when u e Vo, thenu 4~
€ V, . But by the condition of lemma —r = V, | R*, hence u -+ (—r) = V,.
Any element v & P’ [V] is of the foom v = u + (—r), where r € Vo (| R*. This
implies that P’[Vo] C Vo and, consequently, P’ |[V,] is closed. Note that the set
P’ [Vol is convex, The convexity and closure of P’[V,] imply its weak closure [16].

Theorem 1. ¥ F(r)<C0 forall r&V, [ R and F(r) = 0 only
when —r & V, () R, the solution of variational problem (2. 6) exists.

Proof. We use the Fichera's scheme of linear one-sided problems [13].

Let Jo = infyevd (V) and {u,} be the minimizing sequence, We introduce
sequence {z,)} as follows: 2, = U, — Uy and 2, & V,. The proof consists
of two stages. First, we prove the possiblity of separating in sequence {P’z,} a
bounded sequence and, then, establish the weak convergence of some subsequence
{u,} tothe element u & V for which J (u) = J,.
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We represent B (z,, z,) in the form

B (2, z,) = 2J (1) — 2J (uy) + 2F (2,) — 2B (uy, 55) + (8.3)
210 (un) — 211 (o)

Using the semicoercivity of B (v, v) (Lemma 1) and the boundedness of IT (u,,)
(Lemma 2), we obtain from (3, 3) the inequality

cll Pzp |IP <oy + 2F (2,) — 2B (ug, z0) (3.4)

Let {P’z,} not contain a bounded subsequence. It is, then, possible to construct
sequence f, = [Pz, || suchthat lim,_.t, = -+ oo. We introduce sequence
Wy, = 2, / ty. It follows from (3.4) that lim, .|| Pw, || = 0. Taking into ac~
count that || P"w, || = 1 and ), is the projection operator normal to P, we ob-
tain
| Pwall ® + 1| Quon P =] Plw, || 2 =1

Since {Qyw,} belongs to finite-dimensional subspace R, it is possible to ex-
tract from {w,} such subsequence {wy,} that {Q,wn,} converges in norm H
tosome re& R,, and ||r|] = 1. Using the conditions of the theorem it is
possible, as in [13], to show that for fairly large n F (Q, wn) << 0.From (3.4) we
have

cto || Pwn |P << €1/ tn + 2F (Pwy) + 2F (Quwn) — 2B (1o, Pwn) (3.5)

We have a contradiction due to the assumption that {P’z,} does not contain a
bounded subsequence. The left-hand side of (3,5) is nonnegative, while the right-
hand side is strictly below zero commencing from some n.

Since {P’z,} contains a bounded subsequence, it is possible to separate from
{z.} asubsequence {z,,} suchthat {P’z, } weakly converges to some ele-
ment P’z , andsince according to Lemma 4 P’ [V, P’z = P’ [Vy] is weak-
ly closed, Taking into account the weak lower semicontinuity of functional ¥/, B (v,
v) — I (v) (Lemma 3), we obtain

Jo = lim J (2 + ug) = lim J (P'z, + Ug) >
Hm J (P'z,, +ug) >J (P'z +up) =J (u) > Joy B — ©

from which we conclude that there exists an element u & V such that J (u) =
inf ‘DEVJ (U).

Theorem 2, Iffunctions Wy (z, &) (k =1, 2, ..., N) arestrictly
convex with respect to ¢&;;, the solution of the variational problem (2, 6) is deter-
mined with an accuracy to neutral rigid displacements; if u is a solution of problem
(2.6), any other solution w can be represented in the foom & = u + r, where
r = R*.

Proof., Iftwosolutions u and v of the variational problem exist, each of
them satisfy the variational inequality (2,7), hence

XW,v—u)y>F@v—u), X(WEh,u—v)>F(u—yv



Variational method in the theory of contact problems 969

Adding the inequalities we obtain
XWuw—WE,v—u >0

Let us assume that almost everywhere &’;; #= €;;. The strict convexity of Wj
(z, &:;5) implies that

, oW, (z, &) s
S W (z, &) — Wi (z, Ei,;)]d9>g — e (8 — €4)) dQ
Qk Qk 2
, * OW, (x, &5 ,
{ (@0 ) — Wite, ay1a0> {225 (0 — ey a0
Q, Q ¢

hence
X(Ww —W,v—u<0

We have a contradiction related to the assumption that e;;" 5= €;;.

The solution © & V  of the variational problem (2. 6) satisfies the specified
kinematic conditions onsurfaces T',,, I'y*, I'y°. Using the methods of variational
inequalities [11] with additional assumptions on the existence of second derivatives
of solution, it is possible to show that the solution also satisfies the equations of equili-
brium and static conditions on surfaces T',,,, I'yX, I'4¢, in other words, the solu-
tion of the variational problem yields a generalized solution of the problem stated in
Sect, 1,

Using the variational formulation we propose numerical methods of solving contact
problems for laminated bodies, In conjunction with the method of finite elements
[17] the variational problem (2. 6) is reduced to that of minimizing functions of many
variables on a convex closed subset of finite-dimensional space, The theorems onthe
existence and uniqueness of solution proved in Sect, 3 are directly transferred to such
problem of nonlinear programming, Use of the variational inequality (2.7) makes
possible the reduction of the question of convergence of the finite element method in
problems involving separation to the investigated problems of convergence in classical
problems [17].

Sets of programs in FORTRAN Language have been developed for solving two- and
three-dimensional contact problems of determination the stress-strain state of layered
foundations, The problem of nonlinear programming is carried out using the proposed
in [8] variant of the method of possible directions [16], Some of the known solutions
of problems of linearly elastic foundations are used for estimating the errors of approx-
imate solutions, The comparison of basic characteristics (contact pressure, dimens-
ions of contact area) show a good agreement, also in solutions with singularities.

REFERENCES

1, Fichera, G, Problemi elastostatici con vincoli unilateral: il problema di
Signorini con ambigue condiziono al contro, Mem, Acc. Naz, Lincei, Ser.
8, VoL, No.5, 1964,

2. Kravchuk, A, S., On the Hertz problem for linearly and nonlinearly elastic
bodies of finite dimensions. PMM, Vol,41, No,2, 1977,



970 V.l Kuz'menko

3, Kravchuk, A, S,, Formulation of the problem of contact between several
deformable bodies as a nonlinear programming problem, PMM, Vol, 42, No,
3, 1978,

4, Johns, T. G, and Leissa, A, W,, The normal contact of arbitrary shaped
multilayered elastic bodies, In: Mech, Contact Deform, Bodies. Delft, 1975,

5, Shevliakov, i, A, and Privarnikov, A, K., On the calculation
of layered foundations, Prikl, Mekhan,, Vol.8, No, 2, 1962,

8, Privarnikov, A, K. Three-dimensional deformation of multilayered founda-
tion, In; Stability and Strength of Structural Elements, Dnepropetrovsk, 1973,

7, Nikishin, v, S, and Shapiro, G. S., Problems of Stability Theory for
Multilayered Media, Moscow, "Nauka", 1973,

8, Viasenko, Iu, E., Kuz*menko, V. L., and Fen’, G, A., A
contact problem of the elasticplastic multilayered packet with allowance for
layer separation, Izv, Akad, Nauk SSSR, MTT, No,5, 1978,

9, Iltiushin, A, A,, Plasticity, Moscow — Leningrad, Gostekhizdat, 1948,
10, Karmanov, V., G.,, Mathematical Programming, Moscow, "Nauka®, 1975,

i1, Lions, J.-L. and Stampacchia, G,, Varlational inequalities,Communs,
bure and Appl, Math,, Vol, 20, No.3, 1967.

12. Lions, J,-L. and M a genes, E,, Probldms aux Limites non Homogénes et
Applications, Paris, Dunod, 1968-70.

13, Fichera, G., Existence Theorems in the Theory of Elasticity, Moscow, "Mir”,
1974, (See also Atti Acad, Sci, Ist,).

14, Kazimirov, V. L, On semicontinuity of integrals in variational calculjus, Uspekhi
Matem. Nauk, vol, 11, No,3, 1956,

15, Mikhlin, S. G,, Numerical Application of Variational Methods. Moscow,
"Nauka", 1966, (See also in English, Pergamon Press Book No, 10146, 1964).

16. S e a, J., Optimization: Theory and Algorithms. Moscow, "Mir", 1973,

17, Strang, G, and Fix, J., Analysis of the Finite Elements Method, Moscow,
"Mir", 1977 (See also in English; Prentice—Hall Inc, N, Y.).

Translated by 1,1, D,




